Infrared-Faint Radio Sources (IFRSs) are an important class of high-redshift active galaxy, and potentially important as a means of discovering more high-redshift radio sources, but only 25 IFRSs had redshifts prior to this paper. Here we increase the number of IFRSs with known spectroscopic redshifts by a factor of about 5 to 131, with redshifts up to z = 4.387, and a median redshift of z = 2.68. The IFRS redshift distribution overlaps with the high-z radio galaxy (HzRG) redshift distribution but is significantly narrower, suggesting that the IFRSs are a subset of the larger class of HzRGs. We also confirm and measure the proposed correlation between redshift and 3.6µm flux density, making it possible to use this correlation to find even higher redshift radio sources. Many more high-redshift sources are probably present in existing radio survey catalogues.
INTRODUCTION
Infrared-faint radio sources (IFRSs) are galaxies that are strong at radio wavelengths and weak in the infrared. Most are at high redshift, and selecting them represents a valuable technique for finding high-redshift radio sources. Although this class of objects is well-studied (Norris et al. 2006; Norris et al. 2007; Middelberg et al. 2008 Middelberg et al. , 2010 Huynh et al. 2010; Zinn et al. 2011; Norris et al. 2011b; Collier et al. 2014; Garn & Alexander 2008; Herzog et al. 2014 Herzog et al. , 2015a Herzog et al. ,b, 2016 Maini et al. 2016; Singh et al. 2014 Singh et al. , 2017 , their faintness at optical/IR wavelengths means that only 25 of them have measured spectroscopic redshifts, all but one of which are at redshift z > 2. Norris et al. (2006) first identified this class of source by cross-matching observations from the Australia Telescope Large Area survey (ATLAS) survey and the Spitzer WideArea Extragalactic (SWIRE; Lonsdale et al. 2003) survey. Out of the 2002 radio sources found by ATLAS in the Chandra Deep Field South (CDFS; Rosati et al. 2002) and European Large Area ISO Survey -South 1 (ELAIS-S1; Oliver et al. 2000) fields, only 53 were IFRSs, making them rare. Norris et al. (2011b) suggested that IFRSs were most likely radio-loud active galactic nuclei (AGN) at high redshifts. They also considered the less likely possibility of IFRSs being radio-loud AGN at a redshift of 1 < z < 3, E-mail:raypnorris@gmail.com with dust extinction reducing the luminosity. Middelberg et al. (2010) compared the ratio of the 1.4 GHz and 3.6 µm flux densities for an IFRS sample, a High-z Radio Galaxy (HzRG) sample and a general radio source population sample (constructed from ATLAS catalogues), demonstrating that this ratio was common to the classes of IFRSs and HzRGs but not to the class of general radio sources. Norris et al. (2007) detected an IFRS using Very Long Baseline Interferometry (VLBI), showing that the source was probably an AGN, since a VLBI detection implies brightness temperatures greater than 10 6 K, which can only be generated by an AGN. Middelberg et al. (2008) imaged an IFRS using VLBI, showing that the size, spectrum, radio and infrared luminosity were consistent with the properties of a high redshift compact steep-spectrum (CSS) source and inconsistent with the properties of a low redshift galaxy of low luminosity or a normal radio galaxy. Herzog et al. (2015a) used VLBI observations to show that the majority of IFRSs probably contain AGN.
While Norris et al. (2006) defined criteria for IFRSs that depended on survey sensitivity, Zinn et al. (2011) proposed generalised criteria that are survey-independent, so that they can be applied to all astronomical surveys. The Zinn et al. (2011) criteria are: radio flux density ratios, similar to HzRGs. The second criterion removes radio-loud AGN with low redshifts.
Using these criteria, Collier (2016) generated a sample of 1317 IFRSs, which included 93 compact steep-spectrum (CSS) sources and 31 GHz peaked-spectrum (GPS) sources. CSS are compact, powerful radio sources with a spectral peak at ∼100 MHz, while GPS have a spectral peak at ∼1 GHz (Orienti 2015) . Using a sample of 14 IFRSs from the ELAIS-S1 and 14 from the CDFS, Herzog et al. (2016) 
per cent of their sample were CSS sources and 3 +6 −1 per cent were GPS sources. Singh et al. (2017) determined the radio morphologies of a sample of 11 IFRSs from the Subaru X-ray Deep Field (SXDF) and 8 from the Very Large Array -VIMOS VLT Deep Survey (VLA-VVDS) field. Of the total sample of 19 IFRSs, 14 were unresolved point sources and five featured extended double-lobed morphologies, classifying them as radio galaxies.
Finding high-redshift radio sources is important both as probes of the intergalactic medium, and as a means of studying the sub-kpc morphology of active galactic nuclei in the early Universe, including the possibility of detecting binary supermassive black holes. Previous attempts to find high-redshift radio sources have mainly used the apparent correlation between redshift and spectral index (e.g. Miley & De Breuck 2008) . Since virtually all IFRS are at z > 2, they are potentially an even more efficient technique for finding high-redshift sources.
Determining the redshift of IFRSs is key to understanding their nature. Because of their faintness, very few redshifts have been measured. Herzog et al. (2014) determined spectroscopic redshifts for three sources of z = 1.84, 2.13 and 2.76. Of the 1317 IFRSs examined by Collier et al. (2014) from the Wide-field Infrared Survey Explorer (WISE; Wright et al. 2010 ) All-Sky data release (Cutri et al. 2012) , only 19 had spectroscopic redshifts listed in SDSS DR9. Remarkably, 18 of these had redshifts of z ≥ 2, suggesting that the IFRSs with spectroscopic redshift measurements are unlikely to be nearby AGN, but are more likely to be high-redshift AGN. As the majority of WISE sources have redshifts of z < 1, these sources were very unlikely to be misidentifications. Herzog et al. (2015a) also determined the photometric redshifts of 11 IFRSs observed with the Very Long Baseline Array. Three of these had spectroscopic redshift measurements listed in the Sloan Digital Sky Survey (SDSS) Data Release 10 (DR10) of z = 2.11, 2.55 and 2.62, which had already been listed by Collier et al. (2014) . Of the 19 IFRSs identified by Singh et al. (2017) , only three had spectroscopic redshifts, which were z = 2.43, 2.47 and 3.57. Obtaining spectroscopic redshifts for a larger sample of IFRSs is crucial to determine their true nature.
In this paper we do not distinguish between highredshift radio galaxies and radio-loud quasars, which differ intrinsically only by their orientation (Urry & Padovani 1995) , as we are primarily concerned with the flux density at 20 cm and 3.6 µm. At mJy sensitivities, the flux of most radio galaxies is dominated by hotspot and lobe emission, and so (with the exception of the relatively rare flat-spectrum quasars and blazars) is independent of orientation, and so radio galaxies and quasars with similar host properties have similar flux densities (e.g. Urry & Padovani 1995) .
The orientation dependence at 3.6 µm is less welldefined, since this corresponds to a rest wavelength of 1.8-0.7 µm for the redshift range z ∼ 1-4 of our sample. At these wavelengths, the emission will contain contributions from the accretion disc, dusty torus, and the host galaxy, with the importance of the accretion disc, and extinction by the torus, increasing at shorter wavelengths (Hernán-Caballero et al. 2016) , leading to some orientation dependence. However, the optical spectra, at even shorter wavelengths, are even more strongly affected by the orientation, making quasars more easily observable in spectroscopy than radio galaxies. Therefore, IFRSs with measured redshifts are much more likely to be quasars than IFRSs without measured redshifts. As a result, the majority of IFRSs discussed in this paper, and in papers such as Herzog et al. (2014) , are quasars. However their radio and infrared properties are similar to those of radio galaxies, which probably constitute the majority of the IFRSs. The goal of this paper is to obtain a larger sample of IFRSs with spectroscopic redshifts. Section 2 of this paper introduces our dataset. Section 3 presents our redshift distribution. Section 4 discusses the redshift distribution and Section 5 presents our conclusions.
DATA
Our data were selected following a procedure similar to Collier et al. (2014) , using deeper photometry from WISE and more extensive spectroscopy from SDSS.
Our IFRS sample was taken from Version 2.0 of the Unified Radio Catalog (URC; Kimball & Ivezić 2008; Kimball & Ivezic 2014) . This catalog contains approximately three million radio sources, and combines the 20 cm flux density measurements from the Faint Images of the Radio Sky at Twenty Centimeters (FIRST; Becker et al. 1995) survey and the NRAO-VLA Sky Survey (NVSS; Condon et al. 1998) .
We obtained infrared data from the AllWISE data release (Cutri et al. 2014) , which improves upon the sensitivity, photometric and astrometric accuracy of the WISE All-Sky data release. We converted 3.4 µm measurements from magnitudes to Jansky (Jy) with a flat color correction factor, using the conversion determined for IFRSs by Collier et al. (2014) :
We used spectroscopic redshifts from SDSS DR12 (Alam et al. 2015) . DR12 contains measurements from 2008 to 2014, taken by the third generation of SDSS.
Selection Criteria
In Table 1 , we present the selection criteria followed to select our sample, and the number of sources remaining after applying each criterion, which we now explain in more detail: 0. We began with the 2,866,856 sources from the URC v2.0.
1. We applied a NVSS flux density limit of S 20 cm > 7.5 mJy. This was applied to reduce the size of the following WISE query, since all IFRSs with S 20 cm /S 3.4 µm > 500 will have S 20 cm > 7.5 mJy, following a 5σ detection and an r.m.s. of σ > 3 µJy at 3.4 µm. 2. We removed all sources that did not have at least one FIRST counterpart, which we used for the radio source positions, as FIRST has a higher angular resolution than NVSS.
3. We cross-matched the FIRST positions to AllWISE. We used a search radius of 5 arcsec to ensure minimal false matches at redshifts of z > 0.5.
4. We applied the second of Zinn et al. (2011) 's generalised IFRS criteria, S 20 cm /S 3.4 µm > 500.
5. We applied a 3.4 µm signal-to-noise ratio (SNR) limit of ≥ 5.
6. We cross-matched our sources to SDSS DR12 using the AllWISE positions and a search radius of 1 arcsec.
7. We selected all sources with spectroscopic redshifts. 8. We removed all duplicate sources that shared the same SDSS optical spectroscopic object identification number.
9. We removed all sources with a spectral classification of a STAR, ensuring all sources were extragalactic.
10. We removed all sources with redshift warning flags. 11. We removed all sources with negative redshift errors, as for these sources, the errors could not be determined.
12. We selected all sources that had Q (observation quality) values of 3 for good, as opposed to 1 for bad or 2 for acceptable.
13. We applied the first of Zinn et al. (2011) 's generalised IFRS criteria, S 3.4 µm < 30 µJy, resulting in our IFRS sample.
14. We visually inspected an image of each IFRS, using the AllWISE 3.4 µm and SDSS i band images and FIRST contours, such as the one shown in Figure 1 . No sources were identified as misidentifications.
After we applied the first 12 selection criteria, our sample consisted of 2521 radio sources with spectroscopic redshifts from SDSS. We call this our "initial large sample". After applying all 14 criteria, our sample consisted of 108 IFRSs, and we call this our "IFRS sample". Two of these sources already had spectroscopic redshifts listed by Collier et al. (2014) . 
Positional Offsets
We show positional offsets of the sources in our IFRS sample between FIRST and ALLWISE and between ALLWISE and SDSS in Figure 2 , and display their median and mean values in Table 2 . This shows there are no significant systematic offsets.
Misidentification Rates
To estimate the misidentification rate, particularly due to confusion within the AllWISE catalogue, we downloaded a subset of the URC, AllWISE and SDSS catalogues from two regions of sky, given the non-uniformity of these surveys. Region one was constrained to one degree either side of a position of (5,5) degrees (i.e. 00:16:00 ≤ RA ≤ 00:24:00, and 4 deg ≤ Dec ≤ 6 deg), while region two was constrained to one degree either side of a position of (10,10) degrees (i.e. 00:36:00 ≤ RA ≤ 00:44:00, and 9 deg ≤ Dec ≤ 11 deg). We shifted the positions of all of the FIRST sources by a single random amount between either −60 to −20 arcsec or 20 to 60 arcsec. These shift sizes were chosen to be greater than the beam sizes for the FIRST, AllWISE and SDSS surveys. We then cross-matched FIRST to AllWISE with a search radius of 5 . We applied the selection criteria shown in Table 1 to the shifted sources. For computational reasons, the criteria were applied in a slightly different order than had been used on the original sample. Lastly, we cross-matched AllWISE to the SDSS spectroscopic redshift catalogue of that region, with a search radius of 1 . This process was repeated 1000 times, each time shifting all FIRST positions by a different random amount. We determined the misidentification rate by dividing the mean number of shifted cross-matches by the number of unshifted cross-matches. The result is shown in Table 3 , which shows that, after all criteria have been applied, essentially none of the selected sources, in either the large sample or the IFRS sample, are erroneous.
REDSHIFT DISTRIBUTION

The Large Sample of Radio Sources
There are three sources in our initial large sample with redshifts of z ≥ 5.
When we examined the SDSS spectra for them, we found that in two cases (SDSS J105631.94-01145.1 and SDSS J111036.32+481752.3), the redshift depended almost entirely on a single line which was identified as Lyman-α, but which had no corroborating evidence, such as a Lyman break, and there were other strong unidentified lines, making it resemble the spectrum of a low-redshift galaxy. We thus chose to exclude these two sources from further consideration, reducing the size of our initial large sample to 2519 Misidentification rates calculated by randomly shifting sources in two regions, as described in the text. The rate shown is the median number in the shifted sample that satisfy the criteria, divided by the number in an unshifted sample that satisfy the criteria.
sources, which we call our "large sample". The sample of 108 IFRS is not affected by this. The large sample of 2519 sources is available as supplementary information in the online version of this paper, and a sample of the first few rows of this Table is shown in Table  4 .
In the remaining high-redshift galaxy, SDSS J102623.62+254259.6, the identification of the putative Lyman-α line was confirmed by the presence of a strong Lyman break. SDSS J102623.62+254259.6 is therefore a radio-loud quasar at a redshift of 5.28, making it one of the highest-redshift radio-loud sources known.
Two other sources (SDSS J151656.6+183021 = 3C316, and SDSS J101115.64+010642.5 = PKS 1008+013) had large but unreliable redshifts listed by SDSS, and modest but reliable redshifts from other authors, and so their redshifts were corrected in our database.
In Figure 3 we plot the S 3.4µm flux density of the 2519 galaxies in the large sample as a function of redshift. This is discussed further in Section 4.2 below.
IFRSs
After we applied the entire 14 selection criteria, our sample consisted of 108 IFRSs (106 of which are new) with spectroscopic redshifts from SDSS, listed in Table 5 . We plot their S 3.4µm flux densities as a function of redshift in Fig There is a clear overlap between the samples, and a high density of IFRSs up to the S 3.4 µm < 30 µJy cutoff. Nearly all IFRSs in these samples lie between two sharply defined boundaries at about z = 2.4 and z = 3.4. However, Figure 3 shows that these boundaries are caused by the intersection of the IR-z correlation and our IR flux limit.
DISCUSSION
The IFRS Sample
Before the present work, only 25 IFRSs had measured spectroscopic redshifts (Collier et al. 2014; Herzog et al. 2014; Singh et al. 2017) , with a maximum redshift of 3.570. Our sample gives a fivefold increase in the number of IFRS with spectroscopic redshifts, adding 106 sources, and raises the maximum redshift to 4.387 (ID 86 in Table 5 ).
Confirming the Flux Density -Redshift Correlation
In Figure 3 we plot the S 3.4 µm flux density of the 2519 galaxies in the large sample as a function of redshift. For comparison, we also show the 69 High-z Radio Galaxies (HzRGs) from Seymour et al. (2007) . It is clear from this plot that the galaxies show the inverse correlation between 3.6 µm flux density and redshift first noted by Norris et al. (2011b) . This correlation, which is similar to the well-known k − z relation (Willott et al. 2003) , was confirmed by Singh et al. (2017) for all known IFRSs and the Seymour et al. (2007) sample of HzRGs. With the much larger number of sources now available, we confirmed and refined this correlation by fitting a straight-line to the data in log-lin space. We used the Levenberg-Marquardt algorithm (Moré 1978) to perform a nonlinear least-squares fit with SciPy (Jones et al. 2001) , and obtained the relation: 
This is shown as the black line in Figure 3 .
This correlation (hereafter called the IR-z correlation) shows that, as suggested by Norris et al. (2011b) , even higher redshift sources might be found by correlating radio surveys with even higher sensitivity infrared surveys.
Redshift distribution
In Figure 4 .3 we plot the redshift distribution of the HzRGs from Seymour et al. (2007) , the SDSS Quasar Catalog twelfth data release (SDSS DR12Q) pipeline redshift estimates Pâris et al. (2017) , our IFRSs and a random 10 per cent of SDSS DR12 sources with spectroscopic redshifts. The HzRGs have a median redshift of z = 2.13, and a wide redshift distribution consistent with that noted by Seymour et al. (2007) .
The IFRSs in our sample have a narrower redshift distribution, with a median redshift of z = 2.68. As would be expected, the majority of the SDSS sample contains lower redshifts, with a median redshift of z = 0.32 and 87.50 per cent of the redshifts less than 1, clearly eliminating the possibility that IFRSs are misidentifications. Figures 3 and 4 show that the redshift distribution of our IFRS sample is defined by the intersection of the IR-z correlation with our IR flux density limit.
Using IFRSs to find high-z radio sources
Obtaining a census of high-redshift radio sources is important for several reasons.
First, conventional hierarchical models of the formation of super-massive black holes (SMBHs) are unable to produce such high-mass black holes early in the lifetime of the Universe, driving the development of novel models for supermassive black hole formation (e.g. Volonteri & Rees 2005) . HzRGs represent a subset of high-redshift super-massive black holes that are relatively easy to detect in large radio surveys, although measuring their redshifts is challenging. Finding a significant number of HzRGs at z > 6 would exacerbate the problem of the formation of SMBHs at high redshift.
Second, high redshift radio sources are important cosmological probes, as they provide background sources against which HI absorption may be seen at high redshifts (Carilli et al. 2002; Ciardi et al. 2015) If radio galaxies continue to follow the IR-z correlation shown in Figure 3 to high redshift, then in principle Figure 3 . The S 3.4−3.6µm flux density as a function of z, the spectroscopic redshift, for our selected radio sources, plotted as blue circles, and the HzRGs from Seymour et al. (2007) , plotted as green diamonds. The sources clearly follow an IR-z correlation which, as suggested by Norris et al. (2011b) , might yield even higher redshift sources by correlating radio surveys with higher sensitivity infrared surveys. Our IFRS sample consists of the 108 blue circles that lie below the horizontal line marking the 30 µJy flux density limit.
HzRGs may be found by searching for radio sources with low IR flux densities. Such sources may already exist in current radio catalogues, and a great many more will be available from next-generation radio surveys (Norris 2017 Shimwell et al. 2017 ). However, there are two potential challenges to be overcome to achieve this.
First, the sample shown in Figure 3 is limited by the sensitivity of the WISE survey. To detect sources at higher z, we need more sensitive infrared data. The SERVS survey (Mauduit et al. 2012 ) reaches an r.m.s. sensitivity at 3.6 µm of about 0.2 µJy, so that 5σ SERVS detections should extend to about z = 7. Because of strong radio source evolution (e.g. Norris et al. 2013) , such sources may still be well above the radio detection limit.
However, the SERVS survey only covers a few tens of square degrees, limiting the number of high-z IFRSs that can be detected (Maini et al. 2016) . No other infrared survey in the near future will provide the required sensitivity over a large area of sky, although it is possible that Kband surveys such as the Vista Hemisphere Survey (VHS; McMahon et al. 2013) , UKIRT Infrared Deep Sky Survey (UKIDSS; Lawrence et al. 2007 ) and VISTA Kilo-degree Infrared Galaxy Survey (VIKING; Edge et al. 2013 ) may be used for the same purpose together with corresponding radio surveys.
Second, we need to measure redshifts for these sources. Future large spectroscopic surveys such as 4MOST (Quirrenbach & Consortium 2015), WEAVE-LOFAR (Smith et al. 2016) , DESI (Levi et al. 2013) , and PFS (Takada et al. 2014) may be able to provide this data, but the faintest sources will still be difficult to access at optical wavelengths. Potential alternatives include photometric redshift techniques, although these will be limited by the faintness of the optical/IR emission, or using blind scans for CO emission using ALMA (e.g. Weiß et al. 2013) .
CONCLUSION
From cross-matching FIRST, AllWISE and SDSS DR12, we have compiled a large sample of 108 IFRSs with spectroscopic redshift measurements, greatly extending the previ- ous sample of 25. This new sample includes the highest identified IFRS spectroscopic redshift with z = 4.387. This sample will be valuable in future multi-wavelength studies, with high-angular-resolution radio imaging, to study the properties of IFRSs and determine what they can tell us about the evolution of AGN.
We have also shown that IFRSs, as well as a large sample of 2519 high-redshift radio sources with spectroscopic redshifts, follow a correlation of 3.4 µm flux density as a function of redshift, with the form S 3.4 µm = 10 −0.33(±0.02)z+2.80(±0.02) . By extending this correlation to even fainter mid-infrared flux densities, this correlation appears to be a powerful tool for finding high-redshift radio sources, rivalling the use of steep-spectral index.
Future detections of high-redshift radio sources will be important for probing the high-redshift Universe, and to understand SMBH formation and AGN evolution. Future large radio surveys are likely to yield many such sources, provided that we have matching deep infrared photometry and a means of measuring redshifts.
Unified Radio Catalog, (URC; Kimball & Ivezić 2008; Kimball & Ivezic 2014) . The URC v2.0 website is http://www.aoc.nrao.edu/˜akimball/radiocat 2.0.shtml.
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